We show that the physical clock approach can be applied to the problem of optical pulse transmission in the Fabry-Perot cavity. Our theoretical analysis leads directly to a complex-valued traversal time for the pulse. Real and imaginary parts of the traversal time, referred to as the phase time and the loss time, are associated, respectively, with the rotation angle of polarization and the change in the polarization ellipticity of the outgoing pulse in the presence of a magnetic clock. The physical significance of the phase time and the loss time is discussed in relation to the superluminal group velocity and the spectral shift of the pulse.
INTRODUCTION
How much time it takes for a particle to traverse a potential barrier in a given region of space is a fundamental question that has often been addressed. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] The issue has been brought an increased practical importance as well by the recent advances in high-speed semiconductor technology based on tunneling devices and ultrafast optoelectronics. 13 Theoretical and experimental studies so far have dealt not only with the quantum particle tunneling problem but also with various problems in the electromagnetic wave regime, including evanescent wave propagation in a waveguide, 14, 15 optical tunneling in frustrated total internal reflection, 8 and optical pulse transmission through a photonic bandgap. [16] [17] [18] [19] The analogy between quantum tunneling and classical wave propagation stems from the formal equivalence between the Schrödinger equation and the Helmholtz equation. 20, 21 Investigation of the traversal time problem with electromagnetic waves has provided an opportunity for easier interpretations and experimental conditions, allowing more feasible temporal and spatial measurements than those with quantum particles, namely, electrons. 8, 16 Exploring the traversal time, however, is not a simple matter, and efforts to define a physically meaningful traversal time have witnessed a diversity of viewpoints and a lack of clear consensus. 2 In this paper we investigate the problem of the traversal time for optical pulse transmission in a FabryPerot cavity. The principal tool for our investigation is the physical clock, [4] [5] [6] [7] [8] an idea that originated with Baz' 4 and was recently formulated by Gasparian et al. 6 for the problem of optical wave traversal through a slab material. We show that the physical clock approach applied to optical pulse propagation in a Fabry-Perot cavity leads directly to a complex-valued traversal time. As in the previous work of Gasparian et al., 6 the real and the imaginary parts of the complex traversal time are connected directly with experimentally measurable quantities. The significance of our work lies in the fact that the Fabry-Perot cavity, as one of the simplest optical configurations, serves to facilitate both theoretical and experimental investigations of the traversal time; the boundary condition can be given arbitrarily by the cavity mirror characteristics (i.e., reflectivity R ϭ ͉R͉ 2 and transmittivity T ϭ ͉T ͉ 2 ), and the dimension of the system (i.e., the cavity length L) is unrestricted in principle. Investigation of the complex-valued traversal time for the FabryPerot cavity will extend our knowledge of this simplest but versatile optical system itself as well as help us understand the physics of tunneling phenomena.
MAGNETIC CLOCK FOR A LIGHT PULSE PROPAGATING IN A FABRY-PEROT CAVITY
We consider a light wave incident upon a Fabry-Perot cavity consisting of two identical mirrors with reflectivity R ϭ ͉R͉ 2 and transmittivity T ϭ ͉T ͉ 2 separated by a medium of length L with refractive index n 0 . The amplitude transmission function of the cavity that determines the frequency characteristics of the transmitted wave is given by 22 
K͑
where t r ϭ 2n 0 L/c is the cavity round-trip time and the summation over m signifies contributions from all different paths having different numbers of round trips inside the cavity. The intensity transmission function is obtained from the absolute square of K() and is given by
where R ϭ ͉R͉exp(i r ) ϭ ͱR exp(i r ); the cavity is assumed hereafter to have no loss, so that R ϩ T ϭ 1. If the frequency of the incident wave does not lie close to the cavity resonance frequency c ϭ 2(N Ϫ r )/t r and R is sufficiently close to 1, the intensity transmission function is ͉K()
For the rest of this paper we assume that the carrier frequency p of the incident pulse is located sufficiently far from any of the resonance frequencies and that the frequency bandwidth ⌬ p of the pulse is narrow compared with the cavity resonance mode spacing 2/t r . During transmission the incident pulse then experiences a significant intensity attenuation, but its temporal shape changes little owing to the nearly flat spectral transmittance of the cavity.
An attempt to define a traversal time for such a pulse directly, however, encounters difficulty because the final transmission of the pulse is a result of contributions from different paths involving different numbers of reflections that are associated with different traversal times. In such a situation it is perhaps more appropriate to define the traversal time in terms of a change in a physical quantity possessing a linear relation with the time of interaction experienced by the transmitted pulse. In accordance with the magnetic clock approach, 6 we assume that a constant magnetic field B is applied to the medium inside the cavity along the direction of the cavity axis, which we take as the z axis. The incident pulse propagates along the z axis and is linearly polarized along the x axis (see Fig. 1 ). The presence of the magnetic field produces two effects on the pulse as schematically shown in Fig. 1 . First, the magnetic field rotates the axis of polarization in the xy plane. This is the Faraday effect caused by the fact that different phase velocities are associated with left and right circularly polarized light. Second, the magnetic field generates ellipticity. That is, when the pulse leaves the medium, it is no longer linearly polarized; it is in general elliptically polarized. This is caused by the differential transmission of the cavity induced by the medium birefringence. These two effects can be conveniently described by a complex angle defined as
where E x and E y , respectively, are the x and the y components of the electric field of the outgoing pulse, E ϩ ϭ (E x ϩ iE y )/ͱ2 and E Ϫ ϭ (E x Ϫ iE y )/ͱ2 represent the right and the left circularly polarized components of the electric field of the outgoing pulse, and K ϩ ϭ A ϩ exp(i ϩ ) and K Ϫ ϭ A Ϫ exp(i Ϫ ) refer, respectively, to the amplitude transmission function for the right and the left circularly polarized light. The last equality in Eq. (3) follows from the fact that the incident pulse linearly polarized in the x direction is a superposition of right and left circularly polarized fields of the same complex amplitude. From Eq. (3) we immediately obtain, for the Faraday angle ,
The real component 1 represents the rotation angle of polarization, and the imaginary component 2 determines the degree of ellipticity of the outgoing pulse. With this Faraday angle presumed to be proportional to the time of the pulse interacting with the medium as well as to the magnetic field applied, the traversal time is readily obtained.
COMPLEX TRAVERSAL TIME FOR A LIGHT PULSE PROPAGATING IN A FABRY-PEROT CAVITY
The complex Faraday angle allows one to define a complex traversal time ϭ /⍀ B for a light wave transmitting through a Fabry-Perot cavity, where ⍀ B is the Faraday rotation frequency given by ⍀ B ϭ ⌬n B /2n 0 , n 0 is the index of refraction of the medium in the absence of the magnetic field, and ⌬n B is the difference in indices of refraction for right (n ϩ ) and left (n Ϫ ) circularly polarized light (n Ϯ ϭ n 0 Ϯ ⌬n B /2). Assuming a sufficiently weak magnetic field, we have
and thus
We note that the traversal time is independent of the magnetic field applied for probing the traversal time and is determined only by the transmission characteristics of the Fabry-Perot cavity. Substituting Eq. (1) into relation (5) and using the identity ‫ץ/‪K‬ץ‬ ϭ (n 0 /)(‫ץ‬K/‫ץ‬n 0 ), we obtain the desired expressions for 1 and 2 for a light wave transmitting through the Fabry-Perot cavity: 
We refer to 1 and 2 as the phase time 23 and the loss time, 8 respectively. Some insight into the complex traversal time can be obtained by our considering the average time spent by the pulse inside the cavity. The average time can be computed by taking the average of times required for the pulse to complete each different path with an appropriate weight, in the spirit of Sokolovski and Baskin. 10 From the expression for the frequency response function K() given by Eq. (1), a reasonable weight for the path associated with m round trips inside the cavity is taken to be the complex amplitude
2 )͔. The average time av can then be expressed as
It is clear from Eq. (8), with the aid of Eq. (1), that
Thus the average time defined as above is simply the complex traversal time . This correspondence implies that the complex nature exhibited by the traversal time is a consequence of the phase-dependent wave character of the interference phenomena involved in both the mathematical definition and the physical clock. The generality in the average time requires the complex traversal time to be invariant over the choice of a physical clock if the clocks are based on a similar type of phase-sensitive measurement with two degrees of freedom. The general behavior of the phase time and the loss time is shown in Figs. 2(a) and 2(b) , in which the phase time and the loss time computed from Eqs. (6) and (7), respectively, are plotted as a function of frequency for three different values of the mirror reflectivity. We see from Fig. 2(a) that the phase time remains small if the frequency of the incident pulse is sufficiently far from the cavity resonance frequencies. In particular, for a pulse frequency satisfying the antiresonance condition t r ϩ 2 r ϭ (2N ϩ 1) , we obtain
which is typically much shorter than the single-pass time t r /2, if R is close to 1. This means that an antiresonantly transmitted optical pulse traversing a Fabry-Perot cavity experiences much less polarization rotation than the same pulse propagating in the same medium without mirrors. We see also from Fig. 2(a) that the phase time is always positive and exhibits little dispersion in the frequency region sufficiently far from the cavity resonance frequencies, especially if the reflectivity R is high. Figure 2(b) indicates that, in contrast to the phase time, the loss time can take on negative as well as positive values with its absolute value limited by ͉ 2 ͉ Շ t r /2 and exhibits a stronger degree of dispersion. Furthermore, the loss time does not greatly depend on the mirror reflectivity in the region near antiresonance frequencies. Although which component of the complex traversal time best characterizes the process being considered is still an issue of debate, 1,2,10 the facts that the loss time can be negative and zero and that it exhibits a stronger degree of spectral dispersion seem to indicate that the phase time may be the better candidate, at least for our case of an optical pulse traversing a Fabry-Perot cavity. In the following sections we discuss in detail the physical significance of the phase time and the loss time. 
PHASE TIME AND SUPERLUMINAL GROUP VELOCITY
In this section we look further into the details of the phase time. The phase time 1 is associated with the Faraday rotation angle 1 experienced by the pulse transmitted through the Fabry-Perot cavity and can therefore be measured experimentally. The phase time is a possible measure of the interaction time between the pulse and the medium in the cavity, because the Faraday rotation angle in the normal case of an optical pulse propagating in a medium without mirrors is proportional to the interaction time spent in the medium as well as to the magnetic field applied. The phase time for our case of an optical pulse transmitted through the Fabry-Perot cavity is identical with the arrival time 18, 19, 23, 24 of the pulse at the exit of the traversed region. To see this, we recall that the effective group velocity v g of a wave packet is given by v g ϭ ͓d Re k()/d͔ Ϫ1 and, for our case of the Fabry-Perot cavity of length L whose frequency response function is given by Eq. (1), we have v g ϭ L͓d()/d͔ Ϫ1 .
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The arrival time a ϭ L/v g is then equal to the phase time 1 . Since the phase time is typically much shorter than the normal single-pass time t r /2 as shown in the previous section, the group velocity v g ϭ L/ a ϭ L/ 1 can clearly exhibit superluminality. 18, 19, [25] [26] [27] [28] [29] [30] [31] [32] In particular, if the pulse frequency satisfies the antiresonance condition t r ϩ 2 r ϭ (2N ϩ 1) , the group velocity is as large as
The group velocity, even if it can be superluminal, has been shown both theoretically and experimentally to be the best measure to determine the arrival time of the peak of a wave packet. 18, 19 To confirm the superluminal group velocity of an optical pulse traversing the Fabry-Perot cavity, we performed a numerical calculation of optical pulse transmission in the time domain. With a normalized minimum-uncertainty Gaussian pulse input E in (t) ϭ (4 ln 2/t p 2 )
1/4 ϫ exp͓Ϫ2 ln 2(t/t p ) 2 ͔exp(Ϫi p t), the temporal response of the Fabry-Perot cavity at the exit mirror, E out (t),has been obtained by the convolution E out ϭ ͐G(t Ϫ tЈ)E in (tЈ)dtЈ, where the Green's function G(t) is given by
where ␦ (t) is the Kronecker delta function. The result of the calculation is displayed in Fig. 3(a) , which shows the transmitted pulse for the case n 0 ϭ 1 (vacuum), R ϭ 0.99, t p ϭ 3t r , under the antiresonance condition. The peak of the transmitted pulse escapes the cavity at t ϭ 5.4 ϫ 10 Ϫ3 t r /2, implying a superluminal group velocity of v g Ӎ 185c. This numerical result is in reasonable agreement with the theoretically predicted phase time, calculated from Eq. (6), of t ϭ 5 ϫ 10 Ϫ3 t r /2 and the corresponding group velocity of v g ϭ 199c under the condition of exact antiresonance. We note that the discrepancy between the numerical and the theoretical values is not caused by numerical errors but by the dispersion of the phase time shown in Fig. 3(b) , arising from the finite bandwidth of the incident pulse. Incident pulses with longer time durations have been confirmed to produce smaller discrepancies.
The superluminality exhibited here can be explained as an ''optical pulse reshaping process.'' 26 A Fabry-Perot cavity is an optical system that preferentially attenuates the later parts of an incident pulse in such a way that the output peak appears shifted toward earlier times. While the later parts of the pulse disappear almost completely under the antiresonance condition because of destructive interference between waves corresponding to different paths with different numbers of round trips inside the cavity, the leading part of the pulse experiences incomplete destructive interference because of the absence of a preceding wave packet to interfere destructively with. The causality is fortified in part by the facts, implying a subluminal energy velocity, 29, 32 that the transmitted pulse is considerably attenuated during transmission and that its intensity is no greater at each moment than that of the delayed incident pulse that would have been propagated without the cavity mirrors; thus the transmission peak can occur only within the leading front of the delayed incident pulse, as is clearly illustrated in Fig. 3(a) . The fact that the superluminality arises from the calculation with the Green's function of Eq. (11), which offers a clear causal interpretation, indicates that no violation of Einstein's causality takes place here. Perhaps the clearest demonstration of causality is accomplished by consid- ering the front velocity 25, 29, 32 of a wave packet that carries an abrupt disturbance representing an event. Our numerical calculation for the transmission profile of an incident wave packet with a cutting edge shows that the front velocity is simply c when the cavity is in vacuum. The result of the calculation is displayed in Fig. 4 .
A superluminal group velocity has been reported to occur in absorbing media with negative dispersion, 27, 28 antiresonance propagation in gain media, 29, 30 attenuated transmission in bandgap structures, [16] [17] [18] [19] and many of the tunneling-associated phenomena. 14, 15, 31 In these systems superluminality arises primarily from the anomalously short phase time, especially in the deep tunneling region, where the phase time ceases to increase with respect to the tunneling barrier thickness. On account of this saturation behavior of the phase time along with its dependence on boundary conditions not linked to the tunneling process, the phase time has been argued by some to be an irrelevant measure of the traversal time. 8 We note, however, that the phase time in our case of the Fabry-Perot cavity does not saturate but increases linearly with the cavity length L.
LOSS TIME
Changing our focus to the loss time 2 , we can find its physical significance in the spectral feature of a transmitted pulse when no physical clock is applied. For a narrow-band Gaussian pulse with the center frequency at p , the Airy's function ͉K()͉ 2 can be written approximately as
The input pulse spectrum experiences an overall attenuation by the factor given by ͉K( p )͉ 2 and an additional asymmetric reshaping of the spectrum. An incident pulse with a spectrum of Ẽ () is attenuated during transmission to have the resultant power spectrum
This results in the shift of its peak frequency by the amount
with the time-bandwidth product t p ⌬ p ϭ 4 ln 2 for the Fourier-transform-limited Gaussian pulse of duration t p and the spectral bandwidth ⌬ p . The incident pulses with carrier frequencies at the lower half of antiresonance region are redshifted in frequency, and those at the upper half are blueshifted. The appreciable dependence of the loss time on frequency will also produce spectral broadening of the incident pulse, whereas the dispersion in the phase time, if any, gives rise to temporal broadening. In the presence of the magnetic clock, the loss time 2 becomes associated with the degree of polarization ellipticity given as 2 ϭ ⍀ B 2 , which is an easily measurable quantity. However, the imaginary angle 2 is not a direct consequence of the differential phase retardation between the two circularly polarized waves as intended for the magnetic clock. It arises from the dichroism ln(A ϩ /A Ϫ )/2 for the two polarizations, which is due neither only to the property of the medium inside nor to the cavity itself. Actually, the medium birefringence gives rise to the frequency shift of the cavity transmission curve ͉K()͉ 2 in opposite directions for right and left circular polarizations, and the difference between A ϩ () and A Ϫ () is induced in turn. Since the imaginary angle 2 reflects the fact that the frequency derivative of the transmission amplitude A() has local minima in antiresonant regions, zero crossings and dual signs introduced in the imaginary angle obviously produce a singularity of the loss time for use as a traversal time scale. Although one can still inspect the loss-time feature in the sense that the loss time is a phenomenologically observable quantity characterizing the traversal process, the relevance of the loss time associated with the imaginary angle is questionable in our case of a Fabry-Perot cavity.
We also note that, in contrast to the phase time, the loss time is insensitive to the boundary condition set by the mirror reflectivity R. This can be explained by the fact that the loss time takes the differential attenuation ‫͉ץ‬K͉ 2 ‫ץ/‬ in a relative manner, ignoring the overall attenuation by ͉K( p )͉ 2 . Given the pulse frequency, the loss time then increases linearly with the cavity length L. An interesting analogy can be found with genuine tunneling, 8 in which the loss time increases linearly with the barrier thickness in spite of a rapid decrease in the intensity of a tunneling pulse.
CONCLUSIONS
The traversal time for optical pulse transmission in a Fabry-Perot cavity has been theoretically investigated with the physical clock approach. Simple analytic expressions have been given for both the real and the imaginary parts of the complex traversal time. The real component, referred to as the phase time, arises because, in the presence of a magnetic field, different phase velocities are associated with right and left circularly polarized Fig. 4 . Transmission of an optical wave packet carrying an abrupt disturbance. The result is given for a Fabry-Perot cavity with R ϭ 0.99 and the incident Gaussian pulse envelope of FWHM t p ϭ 6t r /2. Note that the transmitted profile of the pulse is magnified for comparison with the delayed incident pulse and that a severe distortion of the transmitted pulse takes place owing to the broad spectrum of the fast-varying portion of the incident pulse.
light. The phase time measures the rotation angle of polarization. The imaginary component, referred to as the loss time, arises because, in the presence of a magnetic field, different transmission intensities are associated with right and left circularly polarized light. The loss time measures the degree of ellipticity of the outgoing pulse. The relevance of the loss time as a measure of the traversal time in our case, however, is not well established, because the loss time exhibits an appreciable spectral dispersion and, more seriously, can take on negative values. The phase time, on the other hand, is always positive and yields for our case the arrival time of the peak of the pulse. Both the phase time and the loss time are, however, easily measurable and may be considered to give time scales characterizing the transmission process of an optical pulse through a Fabry-Perot cavity.
